Flow EouaTion APPRoacH
0o A SiwGouar S’PDE

Scwvele Biscors

13 Sauuo.na( 2026



Mo ivotion
Hawa_ PNES CﬂAMA./ma from P'"‘%\'cs are 3'.‘"3-"&"":

we cauwot uvse classical doofs.



Mo ivotion
Hawa_ IPDEs Cﬂ/ww/ma from P""%\'cs are 3;“'3-“&“‘-:

we cauwot uvse classical doofs.

(9, +1-A)E=¢-\&°
‘POSQJ im ’lp_,, Xchl fo. defz,33



Mo ivotion
Hma_ PNES meu.zma from P'"‘%\'cs are 3'.‘”3-"&""1

we cauwot vse classical toofs.

(9, +1-A)E=¢-\&°
‘POSQJ im ’IR_,, Xchl fo. defz,33



Mo ivotion
We iows om a sim,)em equa.vl' com
(1-4)% 8= 328

How canw we cx?-ve ameaui.ma,-l-o W 2



Mo ivotion
We :‘Ows om a sim,:eu equa.vl' com
(1-4)"% &= 3428 C4)

How can we ?-'.ve, Mneaua'.ma_-"c !“'?
Finst  we KQ_%quruC-z.e_ lhe moise: geC?Z CR?)

O 6= (1 0 (% licl= i

m~> E =6, %F€E c®CR?)



Mo $ivodion

How camw we give meawimg +o i+ 2
Use # 4 deztme w’% |
3. =Gy F L8] where
cG is te %}tm functiom o=p Cl--A’)q.,z
- F Ll Gz E06)+ Aglx)’



Mo $ivodion

How com we qive meaui.ma, 4o 7
Use # 4o defime
.= G F L8] whee C2)
-G s the %}tuu fumctsom o=e Cl—A’)c,z
- F Ll Gz E06)+ Aglx)’

Now we l\aPe. om Some Comvergence of %, os klo

DOES NOT woRk VY



Mo $ivodion

How can we qive mneaui.ma, 4o i+ 7
Use i +o defime
3. =Gy F L8] where
-G s the %}tm functiom o=p Cl--A’)q.,z
- F Ll Gz E06)+ Aglx)’

Now we lnaPe_ om Some Comvotazu-oz. o-'e §k os klo
NOTATION C\-—A{,z © =F ¢ >\§3-— 0 @



Maim Heorewm

Rt dehi ) awd ce(d, 2], ten Hew exists
o chice of the countexterms | a wawdome variabbe
Aee loil ad Be LIIRY)  soch ot
- forc evua_ voudose variobl e (-2, D | Hrexe exists
B, Hot sfves (2D
. ék: —> B  olmost WQ&_ m the P ,URJ) 40?0&38‘
-ECN,)T ctoo for ol mel,

We wilk Sand_ Hhat T i a shtiom of CL)



The wole of o

deapdy - dy —2
£ RNH=B,, R

We say Hhat ¢ has regqulanchy o d $e &)



The wle of «

PROPERTIES of €°

- “tw iS o C.om"‘o.mvavs 1mm €S 1om 6‘9’ fﬂ !cx_
e.veca_ 4>



The wole of o
PROPERTIES of €%
- #hw iS o Com‘l'a'mvaus Szmm@cs;om 6“4—’ fﬂ £o<_

Q.\leta_ .,(>,f_1,

- the C.omVoea"':om with G maps es_. f’{"'q'



The wole of o
PROPERTIES of €%
- #hw iS o Com‘l'a'muaus Szmm@cs;om 6“4—’ fﬂ £o<_

Q.\leta_ ,(>,'3,
- the C.omVoea‘"c'om with G maps es_. f’{"'q'

-3 is im £ R



The wole of o

PROPERTIES of €°

- thow is o comtimvovs immexsiom APIS f{’ £o<_
e.veca_ d >R

- the C.omVoecr":om with G maps es_. fo{+q~
- % 1S m f-d/l-

- ;:f g‘+(5>o thew e P\wcluo"’ o-f Fwo #w&:ms
adeds o 2% x P —, P



The wolo of o
74 & soes E=GrxF He & ka&m.ay@m.( +

d
d=0‘-z.

ASSMMa J—loJ— §3 'S o small Pe:c"urt.baﬂ':om +Hhee
also B Soev-'ov% CA)  shovbd have "-u&uewd:‘-a_ A .

For L>0, i.e. o"> “nm o mo wauus

Im %ﬁwe. smoll @ -mpCCe_s Ooss H.&%uea)u-"g_



Do Prato -Debussche xeqlme
We +y 4o sobve F, = Gx (3 + &> +)\c®
Hake We ousatz €.= T+ L., I.=Gxz,



Do Prato -Debussche  reglime

We +uy 4o sobve B, = Gx (7 _+ &%)\l
Hake We ousatz €.= T+ L., I.=Gxz,
Thew @ = AGx (£33 1 +38. % + U)



Do Prato - Debussche Mq,:/me,

We J'tcg +o solve B = G*('ﬁg \E> +)\c
Hake We ousatz B.= T+ L., T.=Gxz,_
Thew D= AGx(L2+387 1 +38. % + U)

We cauw Limd o Pived Po-'M"' of the mop

ALl = )\Gar(q??'-a-?,c(z T+ 3ch +J)
We meed B+T>0 wo> g> 3%



Do Prato -Debussche %:MQ'
We -l—mg, 4o Soeve §K= G*(ZK-I- )\£3+)c37
We cauw -en'mcl o -\-acxen/ PO;M"' oae -”ne_ m.P

A lepl = AG (q>3+ 3q>l T+ SQV +U)
AQA: 63440‘__) 23+

't , @V o well defimed if



Do Prado -Debussche  reqime

We +uy 4o sobve B, = Gx (7 _+ &> +)\c®

We have o sobAiom For +he e_:,mv".‘om Lore
e (3 ! z]

Repeatimg the huick we caw anmive to ce (%,

This ‘s called He Do Prato-Debussche +Heick.

1.

(N]L R



Effective e.f,wl'im

We 90 back o &_.=GxF_ (8.7, 4 sua i+ we male
o ‘Seafe Je.c:mfosﬁ.'om“'



Effective e,f,wl—im
We. %p bo.ck "’o §lc= G*F;[E‘-S, 4o Q‘ucla N’ we M'Q
o ‘Seafe Je.c:AwPosi-Hom“'

Fix [o,ﬂ?p — CPGLA' st G°=G aud G,=0, vse i+
“"o Aef:me.
Q“d’: GP *FKCE“-S



Effective e—"wzJ';m

We. %p bo.ck "’o §lc= G*F;[E‘-S, 4o Q‘ucla N’ we M'Q
o ‘Seafe Je.c:mpos-h'omu'

Fix [o,I-SSP —> CPGLA' sl' G°=G aud G|=O, vsSe i-"
“"o Aef:me.
§k|P= GP *FKCE“]

Fix olso R, st Feo=Fe oud defime

14
Zp= FelB1-F (5,7



Effective e,f,mJ-a'm
DWV;M% oud M—Sob&"';"'d"':ma_ we 334 the. 5%3"'&“—:

r

ﬂ

I .
B =\, Gyt (Fey (Biy T+ By Mn

¥

J .
Zk,p= - ‘O(Hk"l [gk‘v‘]" Dru..l (';k,q’]' ( G.l * Zk"l) ) J'L

wih W, Lel= Qe LqT + DR, el (G, X F,, LeeT)



Effective e,f,wl—iay,

D%:V;M% oud M—Sob&"';"'d"':ma_ we 334 the. 5%3"'6‘“—:

r

ﬂ

I .
B =\, Gyt (Fey (Biy T+ By Mn

¥

v .
Ziep™ | (g (B0, 0 DR L3, 7 (G 2 E,,))) dy

wih W, Lel= Qe LqT + DR, el (G, X F,, LeeT)



Edlective eqw-l-fon
Us:m% oum appmpwio:l'e Iowel K, we cow wewrite

, EK.P =7 ‘p K""l *c'l¥ (FKI'] ['I“ﬂ]l-‘- z“l’l)cl'l (2)

o~

[ By == U ¥y (B 1eTR 1 G, )




Edlective eqw-l-fon
Us:m% oum appmpwio:l'e Kowel. lC,, e Caw wwrete

Ic.p ‘ K'“lx(’. x( ]-‘- %"-V[)J'l

18,12 \P Ky ¥F,., tik,.l\\\am



Edlective eqw-l-fon
Us:m% oum appmpwio:l'e Kowel. lC,, e Caw wwrete

fp=-| Ky =G (P U1+ g Do

18,12 \P Ky ¥F,., tik,.l\\\al

~ §’ I KQ*E«."“’[



Edlective eqw-l-fon
Us:m% oum appmpwio:l'e Kowel. lC,, e Caw wwrete

fp=-| Ky =G (P U1+ g Do

18,12 \P Ky ¥F,., tik,.l\\\al

' |
~ §’ i, g, 1dy £\ [q3* Ty 2 (T
p



Edlective eqw-l-fon
Us:m% oum appmpwio:l'e Kowel. lC,, e Caw wwrete

fp=-| Ky =G (P U1+ g Do

18,12 \P Ky ¥F,., tik,.l\\\al

' |
~ §’ iy g, 1dy £\ [g3* Ty 2 (T
p



Edlective eqw-l-fon
Us:m% oum appmpwio:l'e Iowel K, we cow wewrite

Zk \P Ky ¥ (4, N (%, 'l+bﬁm (5, me (a,lxzk‘!))dol

~ -~ -~ P -
I B % 1R, (B, 11y & 1™ & p1°

Tmdeed i+ lolds that-



Edlective eqw-l-fon

e S%S'\’m (2) hos o ofotiom fore Q.Vema_ K> ;£
we hove Some combod om F \ . Im pon*t'cu&n_ we
wwl— l—\vw.l'

LoV IR, Cedll e R (44 I (T o) *

I W Cee &N (4o 0% (3 g )



Edlective eqw-l-fon

e S%S"w (%) has a soeu"':om :Bou.. Q.Vema_ K0 c'£

~ o~

we hove Some combol om F ,H. Im pwt'h'cue:vt. we
wwl— -l-‘n.o.l'

LoV IR, Cedll e R (54 N (T o) *

1 Wi, Ll e & 10" (e 00 (T gn |

o mow: comstrwct 'ka, Hk,’, o F"P' %o.'l'as-ea_

comdotiom Y



e? Pective £o...ce, coeee:olewl's

We sttt cvith J-lue. a::Sa,-Fz. )
-+ . “ ®m
(R, lel, 7= C L Y™ gpeo
p

K !
=1 mz P

] [ 14m
for. somue F;":“ef(ﬂ*l )



e? Pective -'-eon.ce coeu.‘c:ewl's

We S'l'ard' w:lb He owl-Sa:"z.

o 3¢
(F [qﬁ,(p) E})’E:X(F‘;“,cpgcpm>
fo. some F. ™ e f'(H**™)

i,p
(>
For excamp, simee A lygl= F 0D+ ACPCX)3+ E. AeS epCo :



e? Pective -'-eon.ce coeu.‘c:ewl's

Fo example, simee A lgl=z E GO+ )\Cer73+ E-'; A S epls) :

Thew seems matoral that E™ ¢ V*  whete

K p

D* 2 by M s Bol (M™) — R

IVl = sop § 1VCady,.. du,)]

xe “m



ef ?ec:l'-' ve -'-eon.ce coeu.‘c:ewl's
Rewewber Hat Hicp Leel= QR Lo+ D, Legd- (G xR JLel)
> e l—.uq. Yo male Haig (9()"’“) So we ask:

i n+8 = M-I
U P = E ]Q_'_j,ocue)g(a,,,r* = ,‘P* )



Effective force coellicieuty
Mo e l-u.% }o mke H (QT oM U(X"“) So we ask:

0, 40 =g, M-
9, F “,-FE; Eoc|+e)g(ap,r‘ * ,‘f‘ “)

Recuwesive comshwetion
1) set b=k oud Fp'=0 doe m>3



Effective fowce coellicienty
w> we huy Fo molie H fer] o ON*'), o we ask:
r .'M- -}E":’ EOCHQ)B(GPI rhl-te' “‘;"“‘"‘ )
Recwesive comShwetiom
D) st R =3 ad F=0 dox >3

1) dF .'m IS Je{«'meJ £ou. 1<ty O (=0, a.ou//m>m’ Hhew

Aea:ML 7‘:,;:;,“ * oS above



Effective orce coedlicienty
> e l-u.% Yo maole H (q'l aw O(N**'), so we ask:

., 40 (=§, M-
Y Frrt = E Eoc|+e)B(Gp,r**, b )

Qecm.s?ve, comShwetiom
I) set 5°‘°=Zk oud F,;,',,m=o for. m> 2

)i F .'m 'S Je{-‘meJ for 1<ty O (=0, a.ou/nn>m’ Hew



Effective orce coedlicienty

Ihete exitte o choice of the cowderterxus sveh Hat

D(ieaun) i ~ g am )
Wi w F ] ¢ R Cp

Gy
foe every iefo..i] mefo..34,7 , kpelorl
whete -gCim) = & -a -ma +iy
- iy is the swullest meboral ot ¢Cip41,0)%0
- iy is the Smullest matool st gCiysr, N>0



e? Pective -'-eon.ce coeu.‘c:ewl's

From +he laslt Heoraun e estimates Hut we meeded
‘!oQQowS.

Mhis Let o8 comshwet E,. o5 im He theowaw, Hew
we wovld sHlU meed +o s'l'uJa_ He comvexaeuce. o Kk-»0,
bt Hhis caw be dome vninvg e propedties lhat we hae.

BIBLIOCRAPHY
-PDuch, “ Lectone mofes om #lor eqtu"‘fom apptbacla +o
Sim%uew( shochastic PDEs™



